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Abstract
A near perfect matching is a matching saturating all but one vertex in a graph. If G is a connected graph and any n independent
edges in G are contained in a near perfect matching where n is a positive integer and n(|V (G)| − 2)/2, then G is said to be
defect n-extendable. This paper ﬁrst shows that the connectivity of defect n-extendable bipartite graphs can be any integer. Then it
characterizes defect n-extendable bipartite graphG with (G)= 1, (G)2 and (G)n, respectively. Some properties for defect
n-extendable bipartite graphs with different connectivities are also given.
© 2006 Elsevier B.V. All rights reserved.
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1. Terminology and introduction
All graphs considered in this paper are undirected, ﬁnite and simple.
A perfect matching is a matching covering all vertices in a graph. A near perfect matching is a matching covering all
but one vertex in a graph. LetG be a connected graph and n(|V (G)|−2)/2 be a positive integer. If any n independent
edges in G are contained in a perfect matching, then G is n-extendable. If any n independent edges in G are contained
in a near perfect matching, then G is defect n-extendable. Particularly, if G contains a perfect matching, then G is
0-extendable and if G contains a near perfect matching, then G is defect 0-extendable.
We use G= (X,Y) to denote a bipartite graph G with bipartitions X and Y . Let A and B be two sets. Then AB
denotes the symmetric difference of A and B. Let G1 and G2 be two graphs and V (G1)∩ V (G2)=. Then G1 ∪G2
denotes a graph which exactly consists of G1 and G2. Let E1 be a set of edges not in G1 but the ends of each edge in
E1 are in V (G1). Then G1 ∪E1 denotes a graph by adding all edges in E1 to G1. Let S ⊆ V (G), then G(S) denotes
all the vertices that join to at least one vertex in S.
For the other terminology and notations not deﬁned in this paper, the reader is referred to [5].
The concept of n-extendable graphs was introduced by Plummer [10] and a considerable amount of researches
have been done in this area until now (see [11,12]). However, n-extendable graphs are of even order since they have a
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perfect matching, so the problems and researches on them fail to concern graphs of odd order. Since half of all graphs
have odd order, similar problems may also need and deserve study for graphs of odd order. So in order to naturally
extend the property of n-extendability to graphs of odd order, in this paper, we introduce defect n-extendable graphs
deﬁned above. In fact, there have been many other researches on graphs with properties that are naturally extended
from n-extendability, such as n 12 -extendability [14], IM-extendability [13,15,16] and E(n,m)-extendability [1–4,9].
Similar to them, the concept and researches on defect n-extendable graphs are also a natural extension as well as a
supplement of that on n-extendable graphs.
A few results on defect n-extendable graphs have been established until now. In [7], Little et al. gave two
characterizations of defect 1-extendable graphs which were called 1-covered graphs in their paper (see Theorems
1 and 2).
Theorem 1 (Little et al. [7]). A graph G is defect 1-extendable if and only if
(1) for any S ⊆ V (G), o(G − S) |S| + 1;
(2) o(G − S) = |S| + 1 implies S is an independent vertex set.
Theorem 2 (Little et al. [7]). A connected bipartite graphG= (X, Y ) with |X|= |Y |+ 1 is defect 1-extendable if and
only if for any S ⊂ X and S = , |G(S)| |S|.
In [8], to combine the concept of n-extendable graphs and k-critical graphs, Liu and Yu introduced (k, n, d)-graphs
such that (0,n,1)-graphs are the same as defect n-extendable graphs. They gave a Tutte style characterization and a
property of (k, n, d)-graphs which can directly deduce a characterization (see Theorem 3) and a property (see Lemma
5) of defect n-extendable graphs.
Theorem 3 (Liu and Yu [8]). A graph G is defect n-extendable if and only if the following conditions hold:
(1) for any S ⊆ V (G), o(G − S) |S| + 1;
(2) for any S ⊆ V (G) such that |S|2n and G[S] contains a matching of size n, o(G − S) |S| − 2n + 1.
This paper focuses on defect n-extendable bipartite graphs. It ﬁrst shows that the connectivity of defect n-extendable
bipartite graphs can be any integer in Section 3. Then using the approaches different from [7,8], we character-
ize defect n-extendable bipartite graph G with (G) = 1, (G)2 and (G)n, respectively, in Sections 4 and
6. In Section 5, certain properties for defect n-extendable bipartite graphs with different connectivities are
presented.
2. Preliminary results
In this section, we introduce some known results which will be used in the proofs of the main results in this paper.
Lemma 4 (Menger). A graph is k-connected if and only if every pair of distinct vertices are joined by k internally
vertex disjoint paths.
Lemma 5 (Liu and Yu [8]). If G is defect n-extendable for n1, then G is defect (n − 1)-extendable.
Lemma 6 (Hall [6]). LetG=(X, Y ) be a bipartite graph.ThenG has amatching ofX intoY if and only if |G(S)| |S|
for any S ⊆ X.
Lemma 7 (Little et al. [7]). LetG=(X, Y ) be a bipartite graph with |X|=|Y |+1, thenG has a near perfect matching
if and only if for any S ⊆ X, |G(S)| |S| − 1.
Lemma 8 (Plummer [10]). Let n be a positive integer. If G is n-extendable, then (G)n + 1.
1900 X. Wen, D. Lou /Discrete Mathematics 307 (2007) 1898–1908
3. Connectivity of defect n-extendable bipartite graphs
Now we give different families of graphs to show that the connectivity of defect n-extendable bipartite graphs can
be any integer.
(1) Let n be a positive integer and graph G = Km,m+1 where mn + 1. Then G is a defect n-extendable bipartite
graph with (G) = mn + 1.
(2) Let n be a positive integer and bipartite graph G1 = (U,W) = Kn+1,n+1. Let v be a vertex not in G1 and
G = G1 ∪ {v} ∪ E1 where E1 = { edges joining vertex v to k vertices in U where 1kn}. Then G is a defect
n-extendable bipartite graph with (G) = kn.
4. Characterizing defect n-extendable bipartite graph G with (G)= 1
Theorem 9. LetG=(U,W) be a bipartite graphwith (G)=1 and |W |=|U |+1, x be a cut vertex ofG andH=(X, Y )
be a component in G − x. Let n be a positive integer with n(|V (G)| − 2)/2. Then G is defect n-extendable if and
only if the following statements hold:
(1) ‖X| − |Y‖1.
(2) Either there are exactly two odd components and no even component in G − x, or all components in G − x are
even.
(3) If |X| = |Y | =m, then H is s-extendable and G[V (H) ∪ {x}] is defect t-extendable where s = min{n− 1,m− 1}
and t = min{n,m − 1}.
(4) If |X| = |Y | + 1 = m + 1, then
(4.1) x ∈ U , Y ⊆ U and X ⊆ W .
(4.2) If m1, then H is defect s-extendable where s = min{n,m − 1}.
(4.3) For any u ∈ V (H) such that xu ∈ E(G), each componentH ′ =(X′, Y ′) inH −uwith|X′|=m′ is t-extendable
where t = min{n − 1,m′ − 1}.
(5) If G − x has odd components and |G(x) ∩ V (H)|< |X| holds for each odd component H = (X, Y ) in G − x
with |X| = |Y | + 1, then dG(x)n + 1.
Proof. We ﬁrstly prove the necessity.
(1) Suppose, to the contrary, ||X| − |Y ||2. Let T be a component in G− x such that T = H . Clearly, x joins to at
least one vertex u in T and H is a component in G − x − u. So at least ||X| − |Y ||2 vertices in H are not saturated
by any matching containing edge xu, contradicting that G is defect n-extendable. Thus (1) holds.
(2) Suppose there is an odd component H1 and an even component H2 in G − x. Clearly, x joins to at least one
vertex u in H2 and hence H1 is an odd component in G − x − u. But H2 − u contains at least an odd component of
G − x − u. So G − x − u has at least two odd components and, therefore, xu is not contained in any near perfect
matching of G, contradicting that G is defect n-extendable.
So either all components in G − x are odd or all components in G − x are even. Suppose there are at least three
odd components H1, H2 and H3 in G − x. Clearly, x joins to at least one vertex v in H1. H2 and H3 are two odd
components in G− x − v, which implies that no near perfect matching in G contains edge xv, contradicting that G is
defect n-extendable. Thus (2) holds.
(3)Assume |X|=|Y |=m. Thenm1.Let s=min{n−1,m−1} and t=min{n,m−1}. Thenwehave0sm−1< |Y |
and 0 tm − 1< |Y |.
Choose any matching A of size s in H . Let T be a component in G− x such that T = H . Clearly, x joins to at least
one vertex u in T and hence A ∪ {xu} is a matching of size s + 1n in G. So there is a near perfect matching M in
G containing A ∪ {xu}. Since H is a component in G − x − u and |X| = |Y |, M ∩ E(H) is a perfect matching in H
containing A. So H is s-extendable.
Let H ′ = G[V (H) ∪ {x}] = (X′, Y ′). Then H ′ is connected and ||X′| − |Y ′|| = 1. Choose any matching B of size
t in H ′. Since tn, there is a near perfect matching M ′ in G containing B. Obviously, M ′ ∩ E(H ′) is a near perfect
matching in H ′ containing B. So H ′ is defect t-extendable.
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(4) Assume |X| = |Y | + 1 = m + 1.
(4.1) By (1) and (2), there is another component Hi = (Xi, Yi) in G − x with ||Xi | − |Yi || = 1. Without loss of
generality, assume |Xi | = |Yi | + 1.
Suppose there is a vertex u in Y that joins to x. Then G−x−u(X) ⊆ Y\{u} and hence |G−x−u(X)| |Y\{u}| =
|X| − 2, which implies that at least two vertices in X are not saturated by any matching in G containing edge xu,
contradicting that G is defect n-extendable.
So no vertex in Y joins to x. Similarly, no vertex in Yi joins to x. Hence, {x} ∪ Y ∪ Yi and X ∪ Xi are the two
bipartitions of G. Note that |X ∪Xi | = |X| + |Xi | = |Y | + |Yi | + 2= |Y ∪ Yi ∪ {x}| + 1 and |W | = |U | + 1. So x ⊆ U ,
Y ⊆ U and X ⊆ W .
(4.2) We can prove (4.2) similar to the proof of (3).
(4.3) Choose any vertex u in H such that xu ∈ E(G). Let H ′ = (X′, Y ′) be a component in H − u.
Suppose |X′| = |Y ′|. Since |X| = |Y | + 1 and u ∈ X by (4.1), H − u has at least two components whose two
bipartitions have different number of vertices. And these components are also components inG−x−u, which implies
that xu is not contained in any near perfect matching of G, contradicting that G is defect n-extendable. So |X′| = |Y ′|.
Assume |X′| =m′ and t = min{n− 1,m′ − 1}. Then similar to the proof of (3), we can prove that H ′ is t-extendable.
(5) If G − x has odd components, then by (1) and (2), we may assume H1 = (X1, Y1) and H2 = (X2, Y2) are
the two odd components of G − x with |X1| = |Y1| + 1 and |X2| = |Y2| + 1. Assume |G(x) ∩ V (H1)|< |X1| and
|G(x) ∩ V (H2)|< |X2|. Firstly, we claim thefollowing.
Claim 1. There is a matching Fi inHi such that Fi covers all vertices in G(x)∩V (Hi) and |Fi | = |G(x)∩V (Hi)|
where i = 1, 2.
Assume |Yi | = m. We discuss three cases.
Case 1: m= 0. Then |Xi | = 1. Since G is connected, |G(x)∩V (Hi)|1= |Xi |, contradicting the assumption that
|G(x) ∩ V (Hi)|< |Xi |. So m = 0.
Case 2: m= 1. Then |Xi | = 2 and hence |G(x)∩V (Hi)|< 2. But |G(x)∩V (Hi)|1 by (G)= 1. So |G(x)∩
V (Hi)| = 1. Since Hi is connected, there is an edge in Hi covering the only one vertex in G(x)∩V (Hi). Thus Claim
1 holds.
Case 3: m2. Then min{n,m − 1}1. Furthermore, by (4.2) and Lemma 5, Hi is defect 1-extendable. Let A =
G(x) ∩ V (Hi). Statement (4.1) and |G(x) ∩ V (Hi)|< |Xi | imply that A ⊂ Xi . So for any non-empty set A′ ⊆ A,
A′ ⊂ Xi and hence by Theorem 2, |Hi (A′)| |A′|. Thus by Lemma 6, there is a matching Fi of A into Hi (A) such
that |Fi | = |A|. So Claim 1 holds.
Let Fi , i = 1, 2, be as deﬁned in Claim 1. Then F = F1 ∪ F2 is a matching of size |G(x) ∩ V (H1)| + |G(x) ∩
V (H2)| = dG(x).
Suppose to the contrary dG(x)n. Then |F |n. Note thatF covers all vertices inG(x) and x /∈V (F). SoG−V (F)
contains at least three odd components, which implies that no near perfect matching in G contains F , contradicting
that G is defect n-extendable. So dG(x)n + 1 and hence (5) holds.
Now we prove the sufﬁciency.
By (3) and (4), it is not difﬁcult to see that G contains a near perfect matching. Choose any matching F of size n in
G. It sufﬁces to prove that there is a near perfect matching in G containing F . By (2), two cases need to be discussed.
Case 1: All components in G − x are even. Assume H1, H2, . . . , Hs are all the components in G − x where
Hi = (Xi, Yi). Let H ′i = G[V (Hi) ∪ {x}] and Fi = F ∩ E(H ′i ), 1 is.
(i) Suppose x ∈ V (F). Then there is an integer r where 1rs such that x ∈ V (Fr). Clearly, |Fr |n. If |Fr |=|Xr |,
Fr is a near perfect matching in H ′r and if |Fr |< |Xr |, then by (3), H ′r is defect |Fr |-extendable. So there is a near
perfect matching Mr in H ′r containing Fr .
Consider Fi for any 1 is and i = r . Clearly, Fi ⊆ E(Hi) and |Fi |n−1. If |Fi |= |Xi |, Fi is a perfect matching
in Hi and if |Fi |< |Xi |, then by (3), Hi is |Fi |-extendable. So there is a perfect matching Mi in Hi containing Fi .
Clearly,
⋃s
i=1Mi is a near perfect matching in G containing F .
(ii) Suppose x /∈V (F). If F = Fi for any 1 is, then Fi ⊆ E(Hi) and |Fi |n − 1 for any 1 is. Similar to
(i), we can prove that there is a perfect matching Mi in Hi containing Fi . So
⋃s
i=1Mi is a near perfect matching in G
containing F .
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If F =Fk for an integer k where 1ks, then Fj = for any 1js and j = k. By (3), there is a perfect matching
M ′j in Hj for any 1js and j = k. While similar to the proof in (i), there is a near perfect matching M ′k in H ′k
containing Fk . So
⋃s
i=1M ′i is a near perfect matching in G containing F .
Case 2: G− x has two odd components and no even component. By (1) and (2), we may assume H1 = (X1, Y1) and
H2 = (X2, Y2) are the two odd components in G − x and |Xi | = |Yi | + 1, i = 1, 2. Let Fi = F ∩ E(Hi), i = 1, 2.
Note that |Fi |n, i = 1, 2. So if |Fi | = |Yi |, Fi is a near perfect matching in Hi and if |Fi |< |Yi |, then by (4.2), Hi
is defect |Fi |-extendable. Thus there is a near perfect matching Mi in Hi containing Fi , i = 1, 2.
(i) Suppose x ∈ V (F). Assume xu ∈ F . By (4.1), u ∈ X1 ∪ X2. Without loss of generality, assume u ∈ X1.
Let T1, T2, . . . , Ts be all the components in H1 − u with Tj = (Uj ,Wj ) and Rj = F1 ∩ E(Tj ). For any 1js, if
|Rj | = |Uj |, then by (4.3), Rj is a perfect matching in Tj and if |Rj |< |Uj |, by |Rj | |F | − 1= n− 1 and (4.3), Tj is
|Rj |-extendable. So there is a perfect matching M ′j in Tj containing Rj .
Clearly, M ′ =⋃sj=1M ′j is a perfect matching in H1 − u containing F1. Since {xu} ∪ F1 ∪ F2 = F, {xu} ∪M ′ ∪M2
is a near perfect matching in G containing F.
(ii) Suppose x /∈V (F). Assume F1 =  or F2 = . Without loss of generality, assume F1 = . Then F = F2. Note
that x joins to at least a vertex u in H1, and by (4.3), H1 − u contains a perfect matching M ′1. So {xu} ∪M ′1 ∪M2 is a
near perfect matching in G containing F.
Assume F1 =  and F2 = . Then F1 ∪ F2 = F and |Fi |n − 1, i = 1, 2.
We ﬁrst suppose that |G(x) ∩ V (H1)| = |X1| or |G(x) ∩ V (H2)| = |X2|. Without loss of generality, assume
|G(x) ∩ V (H1)| = |X1|. But (4.1) implies that G(x) ∩ V (H1) ⊆ X1. So G(x) ∩ V (H1) = X1. Let v be an M1-
unsaturated vertex. Then v ∈ X1 and hence xv ∈ E(G). Therefore, {xv} ∪ M1 ∪ M2 is a near perfect matching in G
containing F.
We next suppose that |G(x) ∩ V (H1)|< |X1| and |G(x) ∩ V (H2)|< |X2|. By (5) and |F | = n, there is a vertex
w such that w ∈ G(x) and w /∈V (F). Statement (4.1) implies that w ∈ X1 ∪ X2. Without loss of generality, assume
w ∈ X1. Since |F1|n − 1, similar to (i), we can prove that there is a perfect matching M ′ in H1 − w containing F1.
So {xw} ∪ M ′ ∪ M2 is a near perfect matching in G containing F. 
5. Some properties of defect n-extendable bipartite graphs with different connectivities
This section contains two main results. The following lemma is used in the proofs of them, and the lemma itself may
also serve as a useful tool in other researches on bipartite graphs.
Lemma 10. Let G be a bipartite graph with (G)1 and S be a minimum cutset in G. Then for any component H in
G − S with |V (H)|2, there is a matching M in G between vertices in S and vertices in V (H) such that |M| = |S|.
Proof. Assume s = |S| and S = {v1, v2, . . . , vs}. Let H be a component in G − S with V (H)2. Then there is an
edge ab ∈ E(H). Lemma 4 implies that there are s internally vertex disjoint paths P1, P2, . . . , Ps joining a to a vertex
in another component of G − S and each path contains exactly one vertex in S. Similarly, there are s internally vertex
disjoint pathsQ1,Q2, . . . ,Qs joining b to a vertex in another component ofG− S and each path contains exactly one
vertex in S. Without loss of generality, assume Pi and Qi contain vertex vi for any 1 is. Then for each 1 is,
there are two vertices ai, bi ∈ V (H) such that viai ∈ E(Pi) and vibi ∈ E(Qi). Consider a subgraph G′ = (U,W) in
G such that U = S, W = {ai, bi : 1 is} and E(G′)= {aivi, bivi : 1 is}). Clearly, W ⊆ V (H). So it sufﬁces to
prove that G′ has a matching covering all vertices in U.
Let fa : {v1, v2, . . . , vs} → {a1, a2, . . . , as} be a function such that fa(vi) = ai and fb : {v1, v2, . . . , vs} →
{b1, b2, . . . , bs} be a function such that fb(vi) = bi . Inductively deﬁne vertex set Ci as follows:
(1) C1 =
{
G′(a) if a ∈ W,
 if a /∈W ;
(2) Ci =
⎧⎨




Cj and ∃u ∈ Ci−1, fb(u) = fa(v)
⎫⎬
⎭ .
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Firstly, we claim the following.
Claim 1. For any v ∈ Ci , fb(v) = b.
We prove this claim by induction on i.
(1) Suppose there is a vertex v ∈ C1 such that fb(v) = b. Then va ∈ E(G′) and vb ∈ E(G′). So vabv is an odd
cycle in G, contradicting that G is a bipartite graph. Thus Claim 1 holds when i = 1.
(2) Suppose Claim 1 holds for all integers smaller than i.
(3) Suppose there exists a vertex ui ∈ Ci such that fb(ui) = b. Then bui ∈ E(G).
By the deﬁnition of Ci , there are i − 1 vertices u1, u2, . . . , ui−1 such that for any 1j i − 1, uj ∈ Cj and
fb(uj ) = fa(uj+1). So uj+1fb(uj ) ∈ E(G) for any 1j i − 1. Furthermore, ujfb(uj ) ∈ E(G) for any 1j i.
Therefore, u1, u2, . . . , ui are in the same bipartition of G. Since bui ∈ E(G) and au1 ∈ E(G) by u1 ∈ C1, a and b
are also in the same bipartition of G. So ab /∈E(G), contradicting the fact that ab ∈ E(G). Therefore, fb(ui) = b and
Claim 1 holds.
By deﬁnition, Ci ⊆ U and Cj ∩ Ck =  if j = k. Since U is ﬁnite, there is an integer m such that Cm =  and for
any 1jm − 1, Cj = . Let M = {vf b(v) : v ∈
⋃m−1
j=1 Cj } ∪ {uf a(u) : u ∈ U\
⋃m−1
j=1 Cj }. Clearly, M ⊆ E(G′).
We now prove that M is a matching covering all vertices in U. We discuss two cases.
Case 1: m = 1. Then C1 =  and hence fa(u) = a for any u ∈ U . So for any x, y ∈ U and x = y, fa(x) = fa(y).
While M = {uf a(u) : u ∈ U}, so M is a matching covering all vertices in U.
Case 2: m2. Let M1 = {vf b(v) : v ∈
⋃m−1
j=1 Cj } and M2 = {uf a(u) : u ∈ U\
⋃m−1
j=1 Cj }.
Choose any x, y ∈ ⋃m−1j=1 Cj and x = y. By Claim 1, fb(x) = b and fb(y) = b, so fb(x) = fb(y). Thus M1 is a
matching.
Choose any u, v ∈ U\⋃m−1j=1 Cj and u = v. Since m2, u /∈C1 and v /∈C1. So fa(u) = a and fa(v) = a. Then
fa(u) = fa(v) and hence M2 is a matching.
Choose any p ∈⋃m−1j=1 Cj and q ∈ U\⋃m−1j=1 Cj . Then there exists an integer k such that 1km− 1 and p ∈ Ck .
Suppose fb(p) = fa(q). By deﬁnition of Ck+1, q ∈ Ck+1. Since k + 1m and Cm = , q ∈⋃m−1j=1 Cj , contradicting
the assumption that q ∈ U\⋃m−1j=1 Cj . So fb(p) = fa(q) and hence V (M1) ∩ V (M2) = .
Furthermore,U = (⋃m−1j=1 Cj )∪ (U\⋃m−1j=1 Cj ) ⊆ V (M1 ∪M2). SoM1 ∪M2 =M is a matching covering all vertices
in U. 
Theorem 11. Let G = (U,W) be a defect n-extendable bipartite graph with |W | = |U | + 1 and 2(G)n. Let S
be a minimum cutset of G. Then
(1) There are two components in G − S, one is a vertex in W and the other is a bipartite graph H = (X, Y ), and if
X ⊆ W and Y ⊆ U , then |X| − |Y | = (G).
(2) S ⊆ U .
Proof. Assume s = |S| and S = {v1, v2, . . . , vs}. Then sn and hence by Lemma 5, G is defect s-extendable.
First we suppose that there is no isolated vertex component in G − S. Then we claim the following.
Claim 1. For each component H = (X, Y ) in G − S, |X| = |Y |.
Suppose, to the contrary, there is a component H = (X, Y ) in G− S such that |X| = |Y |. Without loss of generality,
assume |X| |Y | + 1.
SinceG−S has no isolated vertex component, there is a componentHj = (Xj , Yj ) inG−S such thatHj = H and
|V (Hj )|2.ByLemma10, there is amatchingMj={v1w1, v2w2, . . . , vsws} and amatchingM={v1u1, v2u2, . . . , vsus}
such that {wi : 1 is} ⊆ V (Hj ) and {ui : 1 is} ⊆ V (H).
Note that {ui : 1 is} ⊆ X. Otherwise, there is a vertex ut ∈ Y , 1 ts. Then F = {viwi : 1 is and
i = t}∪ {vtut } is a matching inG of size s. Observe that G−V (F)(X) ⊆ Y\{ut }. So |G−V (F)(X)| |Y\{ut }|= |Y |−
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1 |X| − 2 and hence at least two vertices in X are not saturated by any matching containing F, contradicting that G
is defect s-extendable.
So all vertices in S are in the same bipartition ofG and hence all vertices in {wi : 1 is} are in the same bipartition
of Hj . Without loss of generality, assume {wi : 1 is} ⊆ Xj .
Note that |Xj\{wi : 1 is}| = |Yj |. Otherwise, there is at least a vertex in Hj − V (Mj ) which is not saturated by
any matching in G containing Mj . What is more, since H is a component in G − V (Mj ) and |X| |Y | + 1, at least a
vertex in H is not saturated by any matching containing Mj . Therefore, at least two vertices are not saturated by any
matching in G containing Mj , contradicting that G is defect s-extendable.
So |Xj | − |Yj | = s2. Since Hj is a component in G− V (M), at least |Xj | − |Yj |2 vertices are not saturated by
any matching in G containing M, contradicting that G is defect s-extendable. This completes the proof of Claim 1.
Let Hj and Hk be two components in G− S. Since G− S contains no isolated vertex component, |V (Hj )|2 and
|V (Hk)|2. By Lemma 10, there is a matchingMj ={v1u1, v2u2, . . . , vsus} and a matchingMk ={v1w1, v2w2, . . . ,
vsws} such that {ui : 1 is} ⊆ V (Hj ) and {wi : 1 is} ⊆ V (Hk).
SinceG has odd order and each component inG−S has even order by Claim 1, s is odd and hence s3. Thus there
are at least two vertices in {ui : 1 is} that are in the same bipartition of Hj . Without loss of generality, assume
(Xj , Yj ) are the two bipartitions of Hj and u1, u2 ∈ Xj . Then F = {v1u1, v2u2} ∪ {viwi : 3 is} is a matching in
G and |F | = s. Since |Xj | = |Yj | by Claim 1, |G−V (F)(Yj )| |Xj\{u1, u2}| = |Xj | − 2 = |Yj | − 2 and hence there
are at least two vertices in Yj that are not covered by any matching in G containing F, contradicting that G is defect
s-extendable. So G − S contains at least one isolated vertex component.
Next we suppose that there is more than one isolated vertex component in G − S. If G − S contains a component
H such that |V (H)|2, by Lemma 10, there is a matching F of size s between vertices in S and vertices in V (H).
Obviously, no isolated vertex component in G − S is covered by any matching in G containing F. What is more,
G − S contains more than one isolated vertex component, so F is not contained in any near perfect matching of G,
contradicting that G is defect s-extendable.
So all components in G − S are isolated vertices. Since G is s-connected, each vertex in G − S joins to all vertices
in S. So S and G − S are two sets of independent vertices, otherwise, there is an odd cycle in G, contradicting that
G is a bipartite graph. Thus S and G − S are the two bipartitions of G. But sn, so G is not defect n-extendable, a
contradiction.
SoG−S contains exactly one isolated vertex component w. And there is at least one non-isolated vertex component
in G − S. We claim the following.
Claim 2. For each component H = (X, Y ) in G − S with |V (H)|2, ‖X| − |Y‖ = s.
By Lemma 10, there is a matching F = {v1u1, v2u2, . . . , vsus} such that {uj : 1js} ⊆ V (H). Since G is
s-connected,w joins to all vertices in S and hence all vertices in S are in the same bipartition ofG. Therefore all vertices
in {uj : 1js} are in the same bipartition of H. Without loss of generality, assume {uj : 1js} ⊆ X.
Since G is defect s-extendable, F is contained in a near perfect matching M of G. Observe that w is a component
in G − V (F) and hence is M-unsaturated. So M ∩ E(H) is a perfect matching in V (H) − {uj : 1js} and hence
|X\{uj : 1js}| = |Y |. So ||X| − |Y || = |{uj : 1js}| = s and Claim 2 holds.
Suppose there is more than one non-isolated vertex component in G − S. Let H1 = (X1, Y1) and H2 = (X2, Y2) be
two such components in G − S. By Lemma 10, there is a matching F of size s between vertices in S and vertices in
V (H1). Note that H2 is a component in G − V (F) and ||X2| − |Y2|| = s by Claim 2. So at least s2 vertices in H2
are not saturated by any matching in G containing F, contradicting that G is defect s-extendable.
So there is exactly one isolated vertex component w and one non-isolated vertex component H = (X, Y ) in G − S
with ||X| − |Y || = s. Suppose w ∈ U . Since w joins to all vertices in S, S ⊆ W and hence ||X| − |Y || = ||W\S| −
|U\{w}|| = s − 2, contradicting Claim 2. So w ∈ W and hence S ⊆ U . If X ⊆ W and Y ⊆ U , we obtain that
|X| − |Y | = |W\{w}| − |U\S| = (|W | − 1) − (|U | − s) = s = (G). 
Theorem 12. Let n be a positive integer andG= (U,W) be a defect n-extendable bipartite graph with |W |= |U |+1.
Then for any w ∈ W , each component in G − w is k-extendable where k = min((G) − 1, n − 1).
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Proof. Let k = min((G) − 1, n − 1). Obviously, k0. We consider two cases.
Case 1: k = 0. Suppose, to the contrary, there is a vertex w in W such that a component H = (X, Y ) in G − w has
no perfect matching. By Theorem 9, |X| = |Y |. Without loss of generality, assume X ⊆ U . Lemma 6 implies that
there is a non-empty set S ⊆ X such that |H (S)|< |S|. Let D = Y\H (S) and C = X\S. Obviously, D =  and no
vertex in D joins to any vertex in S. What is more, H is connected, so C =  and there is at least an edge between a
vertex in H (S) and a vertex in C. Let uv be such an edge where u ∈ H (S) and v ∈ C. Let G′ = G − u − v. Then
G′(S) ⊆ (H (S)\{u}) ∪ {w} and hence |G′(S)| |H (S)|< |S|. Thus by Lemma 6, no matching in G′ covers all
vertices in S and hence no near perfect matching in G contains edge uv, contradicting that G is defect n-extendable.
Case 2: k1. Then (G)2 and hence for any w ∈ W , G − w is connected. Suppose, to the contrary, there is a
vertex x ∈ W such that G − x is not k-extendable. Then there is a matching M of size k such that G − x − V (M)
has no perfect matching. Let H = G − x − V (M) = (UH ,WH) where UH ⊆ U and WH ⊆ W . By Lemma 6, there
is a non-empty set A ⊆ UH such that |H (A)|< |A|. Assume M = {xiyi : 1 ik} where xi ∈ U and yi ∈ W . Let
X = {xi : 1 ik}, Y = {yi : 1 ik}, C = U\(A ∪ X), D = H (A) ∪ {x} and B = W\(D ∪ Y ). We claim the
following.
Claim 1. No matching of size k + 1 in G covers all vertices in X ∪ Y ∪ {v,w} where v ∈ D and w ∈ C.
Suppose F is a matching of size k + 1 and covers X ∪ Y ∪ {v,w} where v ∈ D and w ∈ C. Since |F | = k + 1n
and G is defect n-extendable, there is a near perfect matching in G − V (F). Note that G−V (F)(A) ⊆ D\{v}. So
|G−V (F)(A)| |D\{v|} = |D| − 1 = |H (A) ∪ {x}| − 1 = |H (A)|< |A| and, hence, by Lemma 6, no matching in
G−V (F) covers all vertices in A, contradicting the fact thatG−V (F) has a near perfect matching. So Claim 1 holds.
Assume there are r (possibly r = 0) vertices in Y that can be reached by an M-alternating path that begins with
a vertex in D. Without loss of generality, assume these r vertices in Y are y1, y2, . . . , yr . Let X1 = {xi : 1 ir},
X2 = {xj : r + 1jk}, Y1 = {yi : 1 ir} and Y2 = {yj : r + 1jk}.
Claim 2. No vertex in D ∪ Y1 joins to any vertex in C ∪ X2.
Suppose there is a vertex v in D that joins to a vertex w in C. Then {vw} ∪M is a matching of size k + 1 and covers
X ∪ Y ∪ {v,w} where v ∈ D and w ∈ C, contradicting Claim 1.
Suppose there is a vertex u in D that joins to a vertex xt (r + 1 tk) in X2. Then uxtyt is an M-alternating path
from u to yt . Thus yt ∈ Y1 and hence xt ∈ X1, contradicting the assumption that xt ∈ X2.
Suppose there is a vertex y in Y1 that joins to a vertex w in C. Then yw ∈ E(G) and there is an M-alternating path
P that joins a vertex v in D to y. Clearly, (E(P )M) ∪ {yw} is a matching of size k + 1 and covers X ∪ Y ∪ {v,w}
where v ∈ D and w ∈ C, contradicting Claim 1.
Suppose there is a vertex y in Y1 that joins to a vertex xm (r +1mk) inX2. Then there is anM-alternating path P
between a vertex v in D and y. Clearly, P ∪ {yxm, xmym} is an M-alternating path that joins vertex v to ym. So ym ∈ Y1
and hence xm ∈ X1, contradicting the assumption that xm ∈ X2.
Thus Claim 2 holds.
By Claim 2 andU =A∪X∪C, vertices inD∪Y1 can only join to vertices inA∪X1. By the deﬁnition of A, vertices
in A can only join to vertices inD∪Y . So vertices in B and vertices in A are in different components ofG− (X1 ∪Y2).
Note that A =  and B =  by |B| = |W | − |D| − |Y | = |U | + 1 − (|H (A)| + 1) − |X| |U | + 1 − |A| − |X|1.
So (G) |X1 ∪ Y2| = k(G) − 1, a contradiction. Thus G − x is k-extendable and the theorem holds. 
Remark. Now we give two examples to show that if bipartite graph G = (U,W) with |W | = |U | + 1 is defect n-
extendable, then components in G − w are not necessarily (k + 1)-extendable where w ∈ W and k = min((G) − 1,
n − 1).
Let s = (G).
(1) Let 1sn,G1 = (U1,W1)=Kn+1,n+1 and x be a vertex not inG1. LetG=G1 ∪ {x} ∪E1 where E1 ={edges
joining x to s vertices in U1}. It is easy to see that G is a defect n-extendable bipartite graph with bipartitions U = U1
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and W = W1 ∪ {x} where |W | = |U | + 1. Obviously, (G) = s and hence min((G) − 1, n − 1) = s − 1. Select any
w ∈ W andw = x, thenG−w is connected but is not s-extendable because a matching covering all vertices in G(x)
but not covering x is not contained in any perfect matching of G − w.
(2) Let sn + 1, m = s − n, G1 = (U1,W1) = Km,m, G2 = (U2,W2) = Km,m+1 where |W2| = |U2| + 1 = m + 1
and G3 = (U3,W3) = Kn,n. Let G = (G1 ∪ G2 ∪ G3) ∪ E1 ∪ E2 ∪ E3 where E1 = {edges joining each vertex in U1
to all vertices in W3}, E2 = {edges joining each vertex in U2 to all vertices in W1 ∪W3} and E3 = {edges joining each
vertex inU3 to all vertices inW1 ∪W2}. It is easy to see thatG is a defect n-extendable bipartite graph with bipartitions
U =U1 ∪U2 ∪U3 and W =W1 ∪W2 ∪W3 such that |W | = |U | + 1. Observe that there are at least s internally vertex
disjoint paths between any two vertices in G and U2 ∪ U3 is a cutset in G with |U2 ∪ U3| = s, so (G) = s and hence
min((G)−1, n−1)=n−1. Select any vertex v inW1. It is easy to see thatG−v is connected but is not n-extendable
because n independent edges in G3 is not contained in any perfect matching of G − v.
Corollary 13. Let n1 and bipartite graph G = (U,W) be defect n-extendable. Then for any u ∈ U and v ∈ W ,
G − u − v is k-connected where k = min((G) − 1, n − 1).
Proof. Since G is defect n-extendable, ||W | − |U || = 1. Without loss of generality, assume |W | = |U | + 1. Choose a
vertex u ∈ U and a vertex v ∈ W . Let k = min((G) − 1, n − 1). If k = 0, the corollary holds immediately. If k1,
then (G)2 and henceG− v is connected. So by Theorem 12,G− v is k-extendable and hence is (k+ 1)-connected
by Lemma 8. Thus G − v − u is k-connected. 
6. Characterizing defect n-extendable bipartite graph G with (G)2 or (G)n
In this section, we characterize defect n-extendable bipartite graphGwith (G)2 and (G)n, respectively. First
we present a lemma.
Lemma 14. LetG= (U,W) be a defect n-extendable bipartite graph with (G)2 and |W | = |U | + 1. Then for any
S ⊆ W with 2 |S| |W | − n, there is a matching M between G(S) and W\S such that |M|n.
Proof. We discuss two cases.
Case 1: (G)n. Choose any subset S ofW such that 2 |S| |W | − n.
Suppose G(S) = U . Choose any vertex x ∈ S. Since min((G) − 1, n − 1)0, Theorem 12 implies that each
component inG−x has a perfect matching. So there is a perfect matchingM ′ inG−x. Clearly,M ′ contains a matching
M that matches all vertices in W\S to vertices in G(S) and |M| = |W\S|n. Thus M is the matching required.
Suppose G(S) ⊂ U . Choose a vertex x ∈ S and a vertex y ∈ U\G(S). By (G)n and Lemma 4, there exist at
least n internally vertex disjoint paths in G between x and y. And these paths must then contain a matching M of size
at least n between G(S) and W\S.
Case 2: 2(G)<n. Suppose, to the contrary, there exists a set S ⊆ W with 2 |S| |W | − n such that the
maximum matching between G(S) and W\S, say M, satisﬁes |M|<n.
Without loss of generality, assume m = |M| and M = {x1y1, x2y2, . . . , xmym} where xi ∈ U and yi ∈ W . Let
X = {xi : 1 im}, Y = {yi : 1 im}, A = G(S)\X, C = U\G(S) and D = W\(S ∪ Y ).
Assume there are r (possibly r = 0) vertices in X which can be reached by an M-alternating path that begins with
a vertex in A. Without loss of generality, assume these r vertices in X are x1, x2, . . . , xr . Let X1 = {xi : 1 ir},
X2 = {xj : r + 1jm}, Y1 = {yi : 1 ir} and Y2 = {yj : r + 1jm}. We claim the following.
Claim 1. No vertex in A ∪ X1 joins to any vertex in D ∪ Y2.
Note that no vertex in A joins to any vertex in D. Otherwise, M is not the maximum matching between G(S) and
W\S, contradicting the choice of M.
Suppose there is a vertex v in A that joins to a vertex yj (r + 1jm) in Y2. Then vyjxj is an M-alternating
path from v to xj . So xj ∈ X1 and hence yj ∈ Y1, contradicting yj ∈ Y2. So no vertex in A joins to any vertex
in Y2.
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Suppose there is a vertex x in X1 that joins to a vertex w in D. Then wx ∈ E(G) and there is an M-alternating path
P between x and a vertex in A. Clearly, F = (ME(P ))∪ {wx} is a matching between G(S) andW\S with |F |>M ,
contradicting the choice of M. So no vertex in X1 joins to any vertex in D.
Suppose there is a vertex x in X1 that joins to a vertex yj (r + 1jm) in Y2. Then xyj∈E(G) and there is an
M-alternating path Q between a vertex v in A and x. Clearly, Q ∪ {xyj , yj xj } is an M-alternating path joining v to xj .
So xj ∈ X1 and hence yj ∈ Y1, contradicting the assumption that yj ∈ Y2. Thus no vertex in X1 joins to any vertex in
Y2 and hence Claim 1 holds.
Consider graph G′ =G− V (M), since G is defect n-extendable and |M|<n, G′ contains a near perfect matching.
So by Lemma 7, |G′(S)| |S| − 1. While A = G(S)\X, so G′(S) = A. Then |A| = |G′(S)| |S| − 11 and
|S| |A| + 1.
Note that D =  by |D| = |W\(S ∪ Y )| = |W | − |S| − |Y |> |W | − (|W | − n) − n = 0.
Furthermore, Claim 1 implies that both G− ((S ∪ Y1) ∩ G(X2 ∪C)) and G− ((X2 ∪C) ∩ G(S ∪ Y1)) separate
vertices in A and vertices in D. So (G) |(S ∪ Y1) ∩ G(X2 ∪ C)| and (G) |(X2 ∪ C) ∩ G(S ∪ Y1)|. However,
(G)2, so |(S ∪ Y1) ∩ G(X2 ∪ C)|2 and |(X2 ∪ C) ∩ G(S ∪ Y1)|2.
Then there are at least two independent edges e1 and e2 between S ∪ Y1 and X2 ∪ C. Assume ei = viwi where
vi ∈ S ∪Y1 andwi ∈ X2 ∪C, i = 1, 2. Let F ={e1, e2}. By 2(G)<n, |F |= 2<n. SinceG is defect n-extendable,
there is a near perfect matching in H = G − V (F). But Claim 1 implies that H (A ∪ X1) ⊆ (S ∪ Y1)\{v1, v2}. So
|H (A ∪ X1)| |S ∪ Y1| − 2 |A ∪ X1| − 1 by |S| |A| + 1 and |X1| = |Y1|. Hence by Lemma 6, no matching in H
covers all vertices in A ∪ X1 and thus H contains no near perfect matching, a contradiction. So Mn and the lemma
holds. 
Theorem 15. Let G = (U,W) be a bipartite graph with (G)2, then the following statements are equivalent:
(1) G is defect n-extendable.
(2) ||W | − |U || = 1. And if |W | = |U | + 1, then for all S ⊆ W with 2 |S| |W | − n, |G(S)| |S| + n − 1.
(3) For all u1, u2, . . . , un ∈ U andw1, w2, . . . , wn ∈ W ,G′ =G−u1 −· · ·−un −w1 −· · ·−wn has a near perfect
matching.
Proof. (1) ⇒ (2). Since G is defect n-extendable, ||W | − |U || = 1. Assume |W | = |U | + 1. Choose any S ⊆ W such
that 2 |S| |W | − n. By Lemma 14, there is a matching F between G(S) and W\S such that |F | = n. Since G is
defect n-extendable, F must extend to a near perfect matching of G which must match at least |S| + |F | − 1 vertices
to G(S). So |G(S)| |S| + |F | − 1 = |S| + n − 1. This completes the proof of (1) ⇒ (2).
(2) ⇒ (3). Assume |W | = |U | + 1 and G′ is as deﬁned as in the statement of the theorem. Let X = {ui : 1 in},
Y ={wj : 1jn},U ′ =U\X andW ′ =W\Y . Choose any S′ ⊆ W ′. Then |S′| |W ′|=|W |−n. If |S′|2, statement
(2) implies that |G(S′)| |S′| + n− 1 and hence |G′(S′)| |G(S′)| − |X| |S′| + n− 1− n= |S′| − 1. If |S′| = 1,
|G′(S′)0 = |S′| − 1. So by Lemma 7, there is a near perfect matching in G′ and hence (3) holds.
(3) ⇒ (1) is trivial. 
Corollary 16. Let n be a positive integer and G = (U,W) be a defect n-extendable bipartite graph with (G)2.
Then for any u ∈ U and v ∈ W such that uv /∈E(G), G ∪ {uv} is also defect n-extendable.
Proof. The proof is immediate from Theorem 15(3). 
Corollary 17. Let G = (U,W) be a defect n-extendable bipartite graph with (G)2 and |W | = |U | + 1. Then for
any u ∈ U and v ∈ W , we have
(1) If n = 1, G − u − v has a near perfect matching.
(2) If n2, G − u − v is defect (n − 1)-extendable.
Proof. The proof of (1) is immediate from Theorem 15(3). We now prove (2). Assume n2. Since (G)2,
k = min((G) − 1, n − 1)1. So by Corollary 13, G − u − v is connected. Further, by Theorem 15(3), for all
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u1, u2, . . . , un−1 ∈ U\{u} and w1, w2, . . . , wn−1 ∈ W\{v}, (G− u− v)− u1 − · · · − un−1 −w1 − · · · −wn−1 has a
near perfect matching. So it is easy to see that G − u − v is defect (n − 1)-extendable. 
Theorem 18. Let n be a positive integer. A bipartite graph G = (U,W) with (G)n and |W | = |U | + 1 is defect
n-extendable if and only if for any w ∈ W , each component in G − w is (n − 1)-extendable.
Proof. The necessity is proved immediately fromTheorem12.Nowweprove the sufﬁciency.Choose anyn independent
edges e1, . . . , en in E(G). Assume en = uv where u ∈ U and v ∈ W . By the hypothesis, each component in G − v is
(n− 1)-extendable. So there is a perfect matching M in G− v such that M contains e1, . . . , en−1. Since M is a perfect
matching in G − v, there is a vertex w such that uw ∈ M . Clearly, (M\{uw}) ∪ {uv} is a near perfect matching in G
containing e1, . . . , en and hence G is defect n-extendable. 
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